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Abstract

We study two types of probability measures on the set of integer partitions of n with
at most m parts. The first one chooses the random partition with a chance related
to its largest part only. We then obtain the limiting distributions of all of the parts
together and that of the largest part as n tends to infinity while m is fixed or tends to
infinity. In particular, if m goes to infinity not too fast, the largest part satisfies the
central limit theorem. The second measure is very general. It includes the Dirichlet
distribution and the uniform distribution as special cases. We derive the asymptotic
distributions of the parts jointly by taking limits of n and m in the same manner as
that in the first probability measure.
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1 Introduction

The partition x of a positive integer n is a sequence of positive integers k1 > ko > -+ > k,
with m > 1 whose sum is n. The number m is called the length of x and k; the ith largest
part of k. Let P, denote the set of partitions of n and P,(m) the set of partitions of n
with length at most m. Thus 1 < m < n and P,(n)=P,.

The set of all partitions P = Up>1P, is called the macrocanonical ensemble. The
partitions of n, P, = U}, _;Pp(m), is called the canonical ensemble and P, (m) is the
microcanonical ensemble. Integer partitions have a close relationship with statistical physics
(Auluck and Kothari (1946); Bohr and Kalckar| (1937); Van Lier and Uhlenbeck (1937))). To
be more precise, a partition x € P, can be interpreted as an assembly of particles with total
energy n. The number of particles is the length of k; the number of particles with energy
[ is equal to #{j : kj = l}. Thus P, (m) is the set of configurations x with a given number
of particles m. It is known that P,(m) corresponds to the Bose-Einstein assembly (see
section 3 in |Auluck and Kothari| (1946) for a brief discussion). Therefore the asymptotic
distribution of a probability measure on P,(m) as n tends to infinity is connected to how
the total energy of the system is distributed among a given number of particles.

The most natural probability measure on the integer partitions is the uniform measure.
The uniform measure on P,(m) for m = n has been well-studied (see |Erdos and Lehner
(1941); |[Fristedt (1993)); Pittel (1997)). However, for the other values of m, to our best
knowledge, the whole picture is not clear yet. In the authors’ previous paper |[Jiang and
Wang (2016)), as a by-product of studying the eigenvalues of Laplacian-Beltrami operator
defined on symmetric polynomials, the limiting distribution of (k1, ..., k) chosen uniformly
from P, (m) is derived for fixed integer m. This is one of the motivations resulting in this
paper. As a special case of a more general measure on P,(m) (detailed definition given
in Section below), we obtain the asymptotic joint distribution of (ki,..., k) € Pp(m)
imposed with a uniform measure for m — co and m = o(n'/?). It would be an intriguing
question to understand the uniform measure on P,(m) for all value of m. The limiting
shape of the young diagram corresponding to P, (m) with respect to uniform measure was
studied in |Vershik (1996)); Vershik and Kerov (1985); Vershik and Yakubovich| (2003) and
Petrov| (2009) for m = n and for m = ¢y/n where c¢ is a positive constant.

Another important class of probability measure on the integer partitions is the Plancherel
measure or the more general a-Jack measure. Plancherel measure is a special case of a-Jack
measure with o = 1. It is known the both the Plancherel measure (see Baik et al.| (1999));
Borodin et al. (2000); |[Johansson| (2001)); Okounkov| (2005), a survey by |Okounkov| (2000])
and the references therein) and a-Jack measure (see for instance Borodin and Olshanski
(2005); [Fulman| (2004); Matsumoto (2008])) have a deep connection with random matrix
theory.

For a fixed constant ¢ € (0,1), the g-analog of the Plancherel measure, which is called



the g-Plancherel measure, on integer partitions has been studied in Féray and Méliot| (2012);
Kerov| (1992); |Strahov| (2008]). As explain in Section 2.2 from Strahov| (2008), it is related
to a probability measure Mén) on P,,, where Mén) is proportional to ¢’ for a parameter
b(k) of k € P, and can be understood as the g-deformation of the Plancherel measure.
Indeed, it is quite natural and common to consider the g-versions of existing probability
measures; for example, the Macdonald measure on P can be thought of as the g-version
of the circular 8-ensemble (see |[Forrester and Rains| (2005); Macdonald| (2015)). This point
of view motivates us to consider a probability measure on P, (m) that chooses k € P,(m)

7(%) | where o (k) is a function of x = (ki,...,kp). In this paper, we set

proportionally to ¢
o(k) = ki, the largest part of k, and study the asymptotic behavior of the parts of k as
n tends to infinity. This probability measure on the microcanonical ensemble P, (m) can
also be viewed as an analog of a probability measure p(-) defined on the macrocanonical
ensemble P, introduced in [Vershik (1996), where u()\) = cg? for any A € P and |\ is the
sum of its parts.

In this paper, we consider two new probability measures on P, (m) assuming either m
is fixed or m tends to infinity with n. We investigate the asymptotic joint distributions of
(k1,...,kn) as n tends to infinity. We first introduce the probability measures on P, (m)
and present the main results in Section [I.1] and The proofs are given in the remaining

of the paper.

1.1 Restricted Geometric Distribution

The first type of random partitions on P, (m) is defined as follows: for k = (k1,...,kn) €
Pn(m), consider the probability measure

P(k)=c-¢" (1.1)

where 0 < ¢ < 1 and ¢ = ¢, is the normalizing constant that Znem(m) P(k) = 1.
We call this probability measure the restricted geometric distribution. This probability
measure favors the partitions x with the smallest possible largest part k1. Thus we concern
the fluctuation of k; around [;-]. The motivation to work on the measure in has been
stated in the Introduction.

When m is a fixed integer, the main result is the following.

THEOREM 1. For given m > 2, let k = (ki1,...,kn) € Pp(m) be chosen with probability
P(k) as in (I.1)). For a subsequence n = jo (mod m), define j = jo if 1 < jo < m —1

and j = m if jo = 0. Then as n — oo, we have (k1 — [27,... kn — [2]) converges to a
discrete random vector with pmf
151
q
f(lla"'vlm): 9
Yoo d [ Pmagry—i(m — 1)
for all integers (1, ,lp) withly >0, 11 > -+ > 1y, and Y " l; = j —m.



From Theorem [1] we immediately obtain the limiting distribution of the largest part
k1, which fluctuates around its smallest possible value [*]. As a consequence, the con-

ditional distribution of (ko,..., k) given the largest part k; is asymptotically a uniform
distribution.
COROLLARY 1. Given m > 2, let k = (k1,...,kmn) € Pn(m) be chosen with probability

P(k) as in (I.1)). For a subsequence n = jo (mod m), define j = jo if 1 < jo < m —1
and j = m if jo =0. Then as n — oo, we have k1 — (%} converges to a discrete random

variable with pmf

_ ql : ’,Pml+mfj<m - 1)|
204" | Potpm—j(m — 1)’

Furthermore, the conditional distribution of (ko — [X1,... km — [1=]) given k1 = [ =] + 11

m

(I1 > 0) is asymptotically a uniform distribution on the set {(lg, o) €7 > 1 >
>l oand L+ Y00 1 :jfm}.

f(0) 1>0.

We present the proofs of Theorem (1| and Corollary [1|in Section [2.1
When m tends to infinity with n and m = o(n!/?), we consider the limiting distribution
of the largest part k;. The main result is that with proper normalization, the largest part

k1 converges to a normal distribution.

THEOREM 2. Given q € (0,1), let k = (k1,...,kn) € Pp(m) be chosen with probability

P(k) as in . Set X = —logq > 0. If m = m,, — oo with m = o(n'/?), then ﬁ(k‘l -
[2] — ym) converges weakly to N(0,0?) as n — oo, where

m
1ot 2 (Mt 1
== | ——dt and o> == dt — > 0.
T o et—1 ane e )\3/0 et —1 Aler — 1)

The proof of Theorem [2] is analytic and quite involved. We use the Laplace method
to estimate the normalization constant ¢ = ¢, 4, in . The same analysis is applied to
obtain the asymptotic distribution of the largest part k1. Thanks to the Szekeres formula
(see ) for the number of restricted partitions, we first approximate ¢, ,, with an integral

o Clm) - [ explmi(t) e

for some function v (t) that has a global maximum at ¢ty > 0. Thus

V() ~ lto) — 516" (o))

and

Cnm ~  C(m)emto) ./exp (—;m\w"(t0)|t2> dt. (1.2)



The most significant contribution in the integral comes from the t close to tg. Indeed, the
integral in is reduced to a Gaussian integral as n — oco. We prove Theorem [2] in
Section

It remains to consider the conditional distribution of (ks, ..., ky,) given the largest part
k1. It is convenient to work with k; = (%] +1; for 1 <4 < m. In view of Theorem [2] let
ki = [X] 4+ 11 with [ = ym + C - y/m. Given Iy, (l2,...,ly) has a uniform distribution
on the set {(l2,...,lm) € Z™ Y11 > Iy > ... > Iy and I; + > 0ol = j —m}. We
consider a linear transform (ja,...,jm) = (l1 —l2,...,l1 — ;). Since uniform distribution
is preserved under linear transformations, (jo,...,Jm,) has the uniform distribution on the
set {(Jo, . dm) € N7 G > 0> g3 > jo and > it, ji = mly +m — j}. In general, the
problem is related to understanding the uniform distribution on the set

m
{(Ag,...,)\m) ENTL N> 2 A = 0and YA :mll}.
=2
To our best knowledge, it is not even clear what the limiting joint distribution of a partition
chosen uniformly from P,,2(ym) is as m tends to infinity. We raise the following question
for future projects.

QUESTION 1. Given q € (0,1), let k = (k1,...,kn) € Pn(m) be chosen with probability
P(k) as in . Assume m tends to infinity with n and m = o(n'/?). Determine the
asymptotic joint distribution of (ka,...,km) given ki. Furthermore, what is the limiting
distribution of (ki,ka, ..., kn) asn tends to infinity?

We have considered the limiting distribution of k € P,(m) chosen as in (1.1 for m
fixed as well as m = o(n!/ 3). Tt is also interesting to investigate this probability measure
for other ranges of m.

QUESTION 2. Given q € (0,1), let k = (ki1,...,kn) € Pn(m) be chosen with probability
P(k) as in . Identify the asymptotic distribution of k for the entire range 1 < m < n.

1.2 A Generalized Distribution

Next we consider a probability measure on P, (m) by choosing a partition k = (ki, ..., kpn) b
n with chance

k1 Em,
Pn(n):c‘f(;,..w?) (1.3)
where ¢ = ¢pm = (Z(kl,...,km)e%(m)f(%v”'7%’1))_1 is the normalizing constant and

f(z1,...,2y) is defined on V,,_1, the closure of V,,_1. Here V,,,_1 is the ordered (m — 1)-
dimensional simplex defined as

m—1

Vi1 i= {(yl,...,ym) €0, y1 >y2> ... > Ym—1 > Ym and yp, = 1 — Z yl}
i=1



We assume f is a probability density function on V,,_1 and is either bounded continuous
or Lipschitz on V,,_1.

When m is a fixed integer, we study the limiting joint distribution of the parts of s
chosen as in . The main result is the following.

THEOREM 3. Let m > 2 be a fized integer. Assume k = (ki,...,km) € Pn(m) is
chosen as in (1.3|), where f is a probability density function on V,,—1 and f is bounded
continuous on V,,_1. Then (%, ey %”) converges weakly to a probability measure p with
density function f(yi,...,Yym) defined on Vp,_1.

From Theorem [3] we can immediately obtain the limiting convergence to several fa-
miliar distributions. We say (Xi,...,X,») has the symmetric Dirichlet distribution with
parameter o > 0, denoted by (X1, ..., X,,) ~ Dir(«a), if the distribution has pdf

on the (m — 1)-dimensional simplex

Wm,1 = {(mla"' 7$m7171’m) € [07 1]771’ le = 1}
=1

and zero elsewhere.

COROLLARY 2. Let m > 2 be a fized integer. Assume k = (ki,...,kpn) € Pn(m)
is chosen as in (L.3) with f(21,...,2m) = c- 2312271 for some a > 1 and 1/c =

a—1 a—1
fVm_1 ) expy dxy .. drym—1, then

.

where (X(1y, ..., X(m)) i the decreasing order statistics of (X1,..., Xm) ~ Dir(a).

COROLLARY 3. Let m > 2 be a fized integer. Assume k = (ki,...,kpn) € Pn(m)
is chosen as in (L.3) with f(z1,...,2m) = C- x?_1-~-x%{1 for some a > 1 and 1/c =
fme1 x‘l"_l coex®ldry o dzy, 1, then

() (B2)) = i v

as n — oo, where (Y1,...,Y,,) has the uniform distribution on
m
1
{(ylw'wym) € [07 1]m;zyi/a = 1ay1 > .2 ym},
i=1

or equivalently, (Y1,...,Yy) is the decreasing order statistics of the uniform distribution on
1
{1 ym) € 0,1 00 4" =1},



For the special case o = 1, that is, k is chosen uniformly from P, (m), the conclusion of
Corollary (3| is first proved in Jiang and Wang| (2016)). The proofs of Theorem |3 Corollary
and Corollary [3] are included in Section [3.1

When m grows with n, we establish the limiting distribution of random restricted par-
titions in Py (m). Define

[e.e]
V= {(y17y2>"') S [0, ]-]007 Y1 Z Y2 2 andZyi S ]_}
i=1
Note that V,,—1 can be viewed as subsets of
o
Voo = {(yhyz,---) €[0,1)° y1 >yp > -+ and Y g = 1}
i=1

by natural embedding. And V is the closure of V4 in [0,1]> with topology inherited
from [0,1]>°. By Tychonoff’s theorem, V,,—1 and V are compact. Furthermore, both
Vm—1 and V are compact Polish space and thus any probability measure on V,,,_1 is tight.
Therefore, for probability measures {y,}n>1 and g on V, u, converges to p weakly if all
the finite-dimensional distribution of u, converges to the corresponding finite-dimensional
distribution of p.

THEOREM 4. Let m = o(n'/3) — 0o as n — oco. Assume k = (k1,...,km) € Pp(m)
is chosen with probability as in (1.3) where f is a probability density function on V,—1
and is Lipschitz on V,—1. Furthermore, assume the Lipschitz constant | f||Lip, < K for
an absolute constant K > 0. Let (X1, , Xmm) have density function f(yi, - ,Ym)
defined on V—1. If (X1, -+, Xmm) converges weakly to X defined on V as n — oo,

then (%, s %”) converges weakly to X as n — oo.

We will prove Theorem [4] in Section We have investigated the limiting distribution
of k € Pp(m) chosen as in (1.3)) for both m fixed and m = o(n'/3). It would be interesting
to understand the limiting distribution of k for other ranges of m. We leave this as an open

question for future research.

QUESTION 3. Let k = (ki,...,kn) € Pn(m) be chosen with probability P,(x) as in (1.3).
Identify the asymptotic distribution of k for the entire range 1 < m < n.

Notation: For x € R, the notation [z] stands for the smallest integer greater than or
equal to z. The symbol [z] denotes the largest integer less than or equal to z. We use Z to
be the set of all real integers. For a set A, the notation #A or |A| stands for the cardinality
of A. Weuse c-A={c-a:a€ A}. Denote Py(k) =1 for convenience. For f(n),g(n) > 0,

f(n) ~ g(n) if lim, o f(n)/g(n) = 1.



2 Proofs of Theorems [I] and [2| and Corollary

The strategies of deriving Theorems [1| and [2] are different. Also the proof of Theorem [2] is
relatively lengthy. For clarity, their proofs are given in two sections. In Section [2.1] we will
present the proofs of Theorems [I]and Corollary [I} Theorem [2| will be established in Section

2.1 The Proofs of Theorems [1] and Corollary

In this section, m is assumed to be a fixed integer. We start with a lemma concerning the
number of restricted partitions P, (m) with the largest part fixed.

LEMMA 2.1. Let [ > 0, m > 2 and n > 1 be integers. Set j = m +n —m[-]. Then
1<j<m. Inglgﬁ(ﬂ—m), we have

m

3 Uhr by i) € P by =[] 41} = [Py —(m = 1) 1)

If 2o (2 —m) <1< n—[2], we have

m

#{(kl,l@, oo k) € Pa(m); ky = (%1 n z} < [Prgisny—j(m —1)]. (2.2)

Proof. ¥or k = (ki,...,kn) € Pn(m), let us rewrite k; = [-] +1; for 1 < i < m. By
assumption, [y =1 > 0. Since K - n, wehave ly > lo > ... > 1, > —[L] and [ + > ", I; =
n —m[ ] = j —m by assumption. Therefore,

#{(kl,kg,...,km) € Po(m): ki = (%1 +zl}

_ m—1, n - s
- #{(lz,...,lm)EZ ,l1>12>...>lm>—[m1andll—i—;ll—j—m}

m
. . _ n . . . .
= #{(Jz,--.,Jm)EZ’" B[] 2 gm 2 2 2 2 0 and Z]i:m(l1+1)_3}
i=2
by the transform j; =11 — [; for 2 < ¢ < m.
Assume 0 <1< L (2 —m). If j,, > ... > jo > 0and Y1"y j; = m(l1 + 1) — j, then

m

m
JmSZ;ﬁ:m(llJrl)—ggm(ll+1)§ll+(m1
1=
by assumption, the notation /; =1 and the fact [x] > z for any x € R. It follows that the
left hand side of (2.1) is identical to

m
#{ G sdm) €27 = 2 o= 0and i = m(l +1) - 7}
=2

= [Pnag1—j(m—1)|.



For —(— —m)+1<1<n—[=], the upper bound (2.2) follows directly from the

m—1

definitions of the sets. ]
Now we are ready to present the proof of Theorem [I}

Proof of Theorem[1] First, it is easy to check that for the subsequence n = jo (mod m), if
we define j = jo if 1 < jo <m —1and j = m if jo = 0, then j =m +n —m[2]. Set

o= [ (% -m) =

We first estimate the normalizing constant ¢ in (L.1)).

DI ORI

kl_ 7“ (klak27 7km)F

— e Y g Y

1=0 (T 221+, .. k)2

1=0 ([2+1,k2,....km)Fn
My

WD SEN
1=0 (12741, k2,....km )

By Lemma [2.7]
=l l n—[7-]
ZMM— e I B bk, k) L - Sordt @ | Pmgany—i(m — 1))
ZZ:O q a Z([%]—&—l,kg,...,km)l—n 1 B Zz:o q - |Pm(l+1)—j(m — 1)

S ("
o (")

where the last equality follows from (3.1]). Note that the series > 50, s™2¢* converges for
0 < qg<1. We have

n=[21 | imitm—j—1 =27 1im—
2m, i1 4 (") _ (ZMnﬂ gl 2)

M, m——1y M,
2 =0 qz(m iy ) > = g2

Therefore, one obtains the normalizing constant

=o(1).

1

_ . (2.4)
glml S gt | Pm+1)—j(m — 1)|

C r~

9



Now we study the limiting joint distribution of the parts

(kl,kz,...,km):<(%1+l1,[ T loy| 1+zm).

n n
m m

First, we claim that it is enough to consider I; to be any fixed integer from {0,1,2,...}.

Indeed, for any L = L(n) — oo as n — 00, it follows from (3.1 that

P<k1 > [%1 +L) - ip(/cl = (%1 +1)
=L

M’VL
= Y e d 5P m ~ 1))
=L
(ml+m—j—1)
l

M,
[ N m=2 J
~Y C - q m q .
; (m—1)!
Plugging in the normalizing constant ¢ in (2.4)) and letting L — oo, we have

My, [m=2,l
=L

o q
<Zf\i’6 " [Pmiym—j(m — 1)\)
= o(1)

Plky > [Z]+1L) =

as n — o0o. The last equality follows from the fact that the series Y °°, s™ 2¢* converges
for 0 < ¢ < 1. Likewise, we have as n tends to infinity,

1

— EW
e~ g ml =55 . (2.5)
>0 d | Pmtm—j(m —1)]
Therefore, for any given Iy = 0,1,2,..., we conclude that
n n n
Plki=1—]4+lhk=[—]+,....km=[—]+1n
(k= T2V b taka = [ 2] oy b =[] )
51
_ (2740 q
= c-g'm — == .
2204 [Poirm—j(m — 1)
The proof is completed. O

Proof of Corollary[1l By Theorem it is enough to consider ky = [ X |+Iforl € {0,1,2,...}
in the limiting distribution. From (|1.1)), Lemma and (2.5)),
n n
Plk == ) - ol 1+
( 1 (ml +1 c-q Z 1
(214 kg, e )F
= coglnltt Pty +m—j(m —1)]

¢ |Prigm—i(m — 1)
Yoo d - Pmigm—j(m —1)]

as n — oQ.

10



Furthermore, since

n n n
P(kz—[awzl%---, {51 m|/‘€1—[a1:ll)
Pl — [l =l,ke =[] =l km =[] = ln)
a Pk — [%1 = l1)
Nf(ll,...,lm)_ 1
f) Pty m—j(m —1)]
as n — oo, it follows immediately the conditional distribution of (k2 — [=1],..., ky —

[2]) given ky = [=] + 1 (1 > 0) is asymptotically a uniform distribution on the set
{(lg,...,lm) cezZm 1l >0y > ... > 1, and | + Sl =j— m}. This completes the
proof. O

2.2 The Proof of Theorem [2]
Szekeres formula (see [Szekeres (1951, 1953); see also |Canfield (1997) and |[Romik| (2005)))

says that

Pak)] ~ L1 oo (2:6)

n

uniformly for k > n'/6, where u = k/\/n,

v o 1 o -
f(u) = m(l — € — 5’&26 ) 1/2, (27)
g(u) = %” ~ulog(l — e, (2.8)

and v = v(u) is determined implicitly by

2
W= (2.9)

Jo @z dt
We start with a technical lemma that will be used in the proof of Theorem [2] later.

LEMMA 2.2. Let A > 0 be given. Define ¥(t) = # — t2 fort > 0. Then

A , 2A(e* — 1)
ty := ——————— satisfies " (tg) = — < 0.
T R

Further, ¢'(tg) = 0, ¥(t) is strictly increasing on (0,tg] and strictly decreasing on [tg,00).

Proof. Trivially, the function - = (3272, tii_!l )~! is positive and decreasing in t € (0, 00).
It follows that v = v(u) > 0 for all u € (0,00) and

02—/U Logs
u?  Jy et —1 ev —1°

11




Thus e — 1 — u? > 0. In particular,
v 1 2
e’ —1— Ju > 0. (2.10)

By taking derivative from ([2.9), we get

vt v
20 -0 =2 dt + u? .
V- u/o o1 +ue”—1

This implies that ev”—Ll = i%l — %, or equivalently,

v, uv
u o 2(e? —1— 3u?)

(2.11)

Consequently, v' = v/(u) > 0 for all w > 0, and thus v(u) is strictly increasing on (0, 00).

Take derivative on g(u) in (2.8]), and use (2.9)) and (2.11)) to see

¢ (u) = —log(1 - ¢ ™) (2.12)
! ,—v
" e o v/u
g (u) = T—ev  ev—1—1y2
Therefore
/ ! _
u u
and
" % /
(g(u)> N AC) YA BPYIC)
u u 2 u?
- = (4 - 1621>
U e? —1— 5u?
With the above preparation, we now study ¥ (t) (we switch the variable “u” to “t”).
t) AN\
"y — ( g(t) 7)
v (1) L
_ Uy t* )- %
ot ev —1— 32/t
1 v -t

The assertions in (2.12]) and (2.13]) imply

(g(t))' _ —t21log(1 — e™¥) — tg(t) _
t t3 3"

12



Thus, ¥'(t) = @ Thus, the stable point tg of ¥ (t) satisfies that v(t9) = A. This implies
that () is strictly increasing on (0, ¢g] and strictly decreasing on [tg, 00). It is not difficult
to see from ([2.9) that

y A
(1 e e—
(fy ot )1/

Plug this into (2.14) to get

1 At
" 0
t) = —f<2>\+7)
v (ko) 3 A —1- 12
2M(e* — 1
-4 >\< 1) 7y <0
by (2.10). O
Proof of Theorem[d. Let M, = [15(2 — m)] as in 1' The assumption m = o(n'/3)
implies
M,
lim —" = oo. (2.15)
n—oo m

Similar to (2.4)), we first claim that the normalization constant

1
g M [Py (m = 1)

Cc

Indeed, from Lemma [2.1

1 n—[ ]
1=0 (E RN
M, n—[7-]
= ¢ Py (m =D+ D gl > 1
1=0 I=Myp+1 (S RN T
and
n—[2] n—[2]
Z glm !t Z I < Z gl Py (m = 1)
I=My+1 (T2 4Lk, i =My +1
n—[2741
= > P - ).
=M, +2

13



Observe that |Pp,—j(m — 1)| < |[Pup(im)] < eBVIm for some constant K > 0 by Hardy-
Ramanujan formula. Therefore,

=

o0
Y > 1< glil 37 e hivim
I=Mp+1 (T2 1+ oz oo o )2 I=M,
(21 N~ a2 oy e M
< m e <g'ml—
- ZZM: S e

- (Zq” it 1)-5(m = 1))

for n sufficiently large. Hence, without loss of generality, we have

ql’P (l+1)fj(m —1)]
S [Py (m — 1)]

for [ =0,1,2,---, My, where j =m +n—m[*] and 1 < j < m. Thus,

P<k1 = [%W +l)

[mé&]+1 l
n | Prm—j(m —1)]

Pk <[—]+m¢) ==& —J
( o [mw €> Lt gl [Py j(m = 1)]

(2.16)

for any £ > 0.

In the following, we first apply a fine analysis to estimate the denominator

Myp+1

S ¢ [Prng(m— 1)),
=1

We divide the range of summation into five parts: 1 <[l < cm, Cm <[ < M,,ecm <[ <
—y/mlogm, ym + y/mlogm < 1 < Cm and ym — /mlogm <1 < ~ym + /mlogm for
some proper constants ¢,C > 0 and y = t; 2 (recall £ in Lemma. The most significant
contribution in the summation comes from the range ym —/mlogm <1 < ym++/mlogm
and others are negligible. The estimation for the numerator is similar.
Step 1: Two rough tails are negligible. First, by Hardy-Ramanujan formula, there exists
a constant K > 0 such that

[ Pronj(m = 1)| < [Py (lm)| < XVI7

for I > 1 as n is large. Set A = —logq > 0. It follows that

Mp+1

I . —N+KvVmi -\/2 < 1
> d [ Pimej(m—1)| < Z e < Z M (2.17)
I=Cm I=Cm I=Cm

14



for all [ > (%)m, which is satisfied if C' > 4/\%2. Similarly, for the same K as above,

> d [ Pimejm =1 < > d" - [Pz (m)]
=1 =1
< (em) - [Pz (m)| < (em) - eVeEm (2.18)

for all ¢ > 0 as n is sufficiently large.
In the rest of the proof, the variable n will be hidden in m = m, and j = j,. Keep
in mind that m is sufficiently large when we say “n is sufficiently large”. We set two

parameters
8K?
C = max {7 27}; (2.19)
L v(te)? oy
c= mln{ 6K 2} (2.20)

Step 2: Two refined tails are negligible. Recall £y in Lemma Define v =t 2 and
Y ={leN;em<l<ym—+vmB}, Qy={leN;ym—+/mB<I<~ym+ vmB},
Q3 ={leN;ym+vVmB <1< Cm}, (2.21)

with B = logm, where ¢ € (0,7) and C > ~ by (2.20) and (2.19). The limit in (2.15])

asserts that Qo C {1,2,---, M, } as n is large. Then

Cm 3
> Pu—jm =1 =" ¢ [ Pr—j(m = 1. (2.22)
l=cm =1 1€Q;
Easily,
Yo @ Pmjm =1 < D g [Pun(m)]. (2.23)
1leQ1UQ3 1eQ1UQ3

Take n = lm and k = m in (2.6), we get
Pim(m)| ~ L Vimate) (2.24)
Im
uniformly for all em <1 < Cm where u = (%)1/ 2. Notice

u) _ mg(u
ql . ‘,le(mﬂ ~ fl( )6 )\H-\/lig( )
m

Consider function —Az + /xm - g((mx_l)l/Q) for € [em,Cm]. Set t = t, = (max~1)'/2.
Then

Az 4+ Vam - g((mah)V?) = —)\t?;%—l—mg(tt)
— m(gg)—;)\). (2.25)

15



By (i and 1) f(z) is a continuous function on [C‘1/2, 0_1/2]. Therefore, f((%;)w) =
O(m™?) uniformly for all j € Q1 U3, which together with (2.23)) yields

> P j(m 1)
1eQ1UQ3
o) 3 eoln(t- 3
< o) o lm g, (%7 - )] 229
Now
legll%)?)g, (g(til) B 22) - 15&%3 {¢< ?) }
Evidently,

(i remb e [Grmm) ™ ] < o
{ﬁ l e Qg} C [\% (,Yer\%logm)l/Z} c (0, o).

Recall Lemma W(t) = @ - %2 is increasing (0, tp] and decreasing in [tg, 00). It follows
that

o (20) )

1€QUQs \ 4 ¢
vm vm
= max{@b(\/,ym - \/ﬁlogm>’ ¢(\/7m + \/mlogm> }
Notice
(\/fym i\/jﬁlogm - tO)Q N [\;(1 * 1VOg\/%l)_l/2 - tor
_ osm)? )
493m '

From (2.32)), we see that

Jm

(log m)?
w<\/7m ++/mlogm

) =(tg) — L + O(m_3/2(log m)d)

m

as n is large, where L = %ﬁf)‘ > (0. This joins ([2.26]) to yield that

1 2
_ = —m(to) L. ) _ —(L/2)(logm)
—e E ¢ | Pim—j(m—1)| <e
m 1eQ1UQ3

16



and thus
ST ¢ [ Piej(m = 1)| < mem o) =(L/2)(1egm)® (2.27)
1€Q1UQ3

as n is large.
Step 3. The estimate of Zjeﬂg' Take n =1Im — j and k =m — 1 in (2.6), we get

Pyt (m — 1)] ~ Mevml—jg(m

ml — j

uniformly for all em <1 < Cm where u = \/’;% By continuity,

fluw) ) R
~ 2.28
L () (2.28)
uniformly for all [ € (). Consequently,
S 4 [Prony(m— 1)
1€Q9
2 f(to) 1
= (140(1))2=; Z M+ g
1095 [ = 7-o{ )
tof(t0) _xj/m A(m—1)*> m—1
~oSre Z exp{ — e + & g(tl)} (2.29)
1€Q2
by setting t, = (m —1)/y/max — j for x > 2 (recall 1 < j < m), and hence x = % + (%%)2
It is easy to verify that
logm
max|t; — o] = O(W) (2.30)
as n — 0o. We then have
Y d - [Punj(m = 1)
1€Qo
1tof(to Mo 2N /m) glt) A
- o2 3 exp{ Dl tlz)}. (2.31)

1€Q9

Recall Lemma Since 9/ (tp) = 0 and 9" (tg) < 0, it is seen from the Taylor’s expansion

and (2.30) that
Lo 2 —3/2 3
U(te) = Y(to) + 5¥"(t0) (ts — t0)” + O(m ™" (log m)”) (2.32)
uniformly for all x € Qq. It follows that

S fin- (- )

1€

1
= (1 o(1)) el S exp [
1€Q9

P (to)(t — to)*m|.

17



It is trivial to check that
m—1 — 1 J L0 (logm)
Jmz —j F 273/27712 m?

uniformly for all x € Q3. Therefore,

m(L—l_t )2 _ m(L—l_t )2+L<L—1_t ) +O(10gm)
me—j B N V32m \ /mx 0 vm
("2~ 1) +o0(1)
= m(— — 0
N
uniformly for all z € Q9 by (2.30). This tells us that

Z exp [(m — 1)<g(til) — 2;)}

1eQg
_ . o(m=1)¥(to) Lo (™=1 _ .y
(1+0(1) e ZEZQZ exp [2¢ (t0)< = t0> m] (2.33)
Set ap, = ym — /mlogm, b,, = ym + /mlogm, ¢y, = (m —1)/y/m and
1 m
o) = exp [§¢//(t0)(iﬂ — 1) m} (2.34)

for x > 0. It is easy to check that there exists an absolute constant C'y > 0 such that
plx) < ¢~ C1llogm)? (2.35)

for all z € (am, bm)\([am] + 2, [bm] — 2). Hence

[brm] -1

/abm p(x)dx = ( Z /ll+1 p(x) dx) +é€m (2.36)

I=[am]

where |e,,| < e=C1(0s™) for Jarge m. By the expression p(z) = exp (v (¢ )(C—m —to) m],
we get
1 Cm, MCm,
(@) = ol (to) (T —10) "

for x > 0. Easily, I = O(1) and <2 —to = O(k\’/gmm) uniformly for all [a,,] < z < [by)].
Thus,

ogm 2
) < P2 o0

for all [a,,] < & < [by,]. Therefore, by integration by parts,

I+1 +1
‘/ x)dx —p ‘—’/ +1—x)da:‘

IN

I+1
/Z 19 (@)] da

oem)?2 [I+1
(lg\/n»z)/l p(z) dz

18



as m is sufficiently large. This, and ([2.36)) imply

‘ > el / dm‘ < 1%) ( /a " p(z) d-%‘) + e~ Crllogm)® (9 37)

e

Set v = (logm)y~—3/2/2. We see from (2.33) and (2.34)) that

bm 2 m—+o(1) _
2c v u 3 1m 2
plx)de = —F/= — —— 41p) ez¥")uT gy
/am vm _'Ym-i-O(l)( Vm )
’Ym "
= (1+0(1)) 2\/3% o3V (t0)u? gy,
tO —Ym
2 o0 1"
= (1+4o0(1)) \t/f e2?"(0)v gy,
0 —o0
8T
\/ﬁ
[ (to)|

by making the transform u = —(C—\/’% - to) v/m. Combining this, q2.33|) and (]2.37[), we arrive
at

) S exp [om =B = 5)] = (1 0(1) 3 ol

2
10, bt 10,
8
~ \/ﬁ (2.38)
["(to)]
as n is sufficiently large. This and ([2.31)) yield
S 4 [Pojm— 1)
1EQ2
tof(tO Mg 2—(Aj/m) glt)) A
Tm?2 W Zexp{ ( t _?)}
1€Q2 !
—¢(to)—(Aj/m) m(to)
to " (to)]  m3/2

as m — oo.
Step 4. Wrap-up of the denominator. By the choice of ¢ in (2.20]), we have /¢ <

(4K)19(to) in (2.18)). Therefore we get from (2.17)) that

cm My+1

(Z + ) )ql [Py (m = 1)| < eV toIm/2 (2.40)
I=1 I=Cm
as n is large. This and imply
Mp+1 3
> d [ Pi(m = 1) = O(e?T0™2) £ 3N " gl [Py j(m — 1)
=1 i=1le
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as m — oo. This identity together with (2.27) and (2.39)) concludes that

Mp+1 Ao 2= (to)—(Nj/m) my(to)
; f(to)eMo 8 e
S i P DI~ . : 2.41

as m — o0.

Step 5. Numerator. We need to show

1 n m 1 z 12
lim P(—(k A —) < x) - / ¢ 207 dt
n—00 v/ m ! [m1 t% Vo2ro J—co

for every = € R, where 0 =

L . Recall v = taQ. By ([2.16]),

" (to)]
b 1
1 n m 2o d [ Pra—j(m — 1)
Pl— (k-] =-=)<z) = 2.42
(ﬁ( ! [m1 t%) —x> Zf‘iﬁ“ql-mm—j(m—l)‘ (242)

where b/, = [ym + v/mx] + 1. Recall /e < (4K)149(to) be as before. It is known from
[2-40) that

> d [Pumeym—1)| < Vo2 (2.43)
=1

as n is large. Let 3 and Qg be as in (2.21)). Set Q) = {l € N; ym — /mlogm <1<V, }.
Notice €, C Qg for large m. By (2.27)), (2.31]) and (2.43)),

bm
> ¢ [Pauj(m—1)|
=1

1€,

- o(m- em¢(t0)—(L/2)(logm)2) n

t(Q)f(;O)e)\tSQ—()\j/m) 3 exp {(m _ 1)<M _ ﬂ)} (2.44)

m t 12
=9 ! !

as m — 0o. Review the derivation between ([2.33)) and ([2.38) and replace by, by V. by the

fact Q) C Qq for large m again, we have

o~ (m=1)%(t0) Z exp [(m —-1) (M - i)}

t 12
1e9, ! l

Vin logm
= /a p(x)d;v—l—em+0(m1/4)

m

where, as mentioned before, a,, = ym — y/mlogm and |, | < e~C1logm)? fo. large m. Let
us evaluate the integral above. In fact, from (2.34)) we see that

/a:m p(x)dr = /aim exp [;W(to)(% B to)Qm} e
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Set w = —(C—\/”% —tp)y/m. Then

o, 2 p—L+o(l) _
/ plx)dr = 2om 272 ( Yy t0> 36*%\¢”(to)\w2 dw
am

NG S— vm
= (o) 2 [T et gy
0 —o00

= (1+o(1))t;@2 e~/ (20%) Gy = (1+o(1))m/ e~/ (20%) gy
o7 —0o0 —00

where 7, = (logm)y~%/2/2 and % = Wfﬁoﬂ. Collect the assertions from (2.44)) to the

above to obtain
br,
> ¢ [Pauj(m—1)|
=1

2 X
e (1 + 0(1))M6At62_()\]/m) . e(m—l)?/}(to) . \/H/ e_w2/(20.2) dw
m —0o0

ma(t x
~ t%f(tO)'eMatw(tO)*(Aj/m) E i;;)/ oW/ (20%) 1
m

as m — oo. Join this with (2.41]) and (2.42)) to conclude that

R B e T

— —|—1-= x e w .

m ! m tg B 270 J_oo

as m — oo. Notice that o = W. The proof is completed by using Lemma w and
0

the fact v = to_g. O

3 Proofs of Theorems Bl and 4 and Corollaries 2 and [3]

In Section [3.1] below, we will prove Theorem [3| Corollaries 2] and [3] where m is assumed
to be a fixed integer. Theorem [ studies the case when m tends to infinity with n and
m = o(n'/3). Tts proof is given in Section

3.1 The Proofs of Theorem [3] and Corollaries [2] and [3]

From |[Erdos and Lehner| (1941), we have

uniformly for m = o(n'/3).
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Proof of Theorem|[3 To prove the conclusion, it suffices to show that for any bounded

continuous function ¢ on V,,_1,

E <¢(’:’“:)> SE@(1,...,5m))

as n tends to infinity, where (z1,...,z;,) ~ pu. By definition,

P S
n n

E (Qp(kl km)> D ke O B PO B
Z(klwwkm)epn(m) f(?? ™

0D S ey o B R

n=(m=1) Z(kzl,...,km)epn(m) f(%y cees kﬁm)

where the set
Ruo(m) :={(k1,....,km)Fnsk1 > ... > ky >0}

and

e . P bt €PN\ R (m) YO B F(R . )
’ D (koo o )EP () G

On the other hand,

E(p(21,. .y Tm)) = /V VWY1 ym) FWL - Ym) Ayt - dYm—1

Jo. W ym) f(yns - ym) dyt - Ay

fVm_l Fytse ooy ym) dyr - .. dym—1

In order to compare (3.2) and (3.3)), we divide the proof into a few steps.

Step 1: Estimate of |E, m|. We claim that the term &, ,, is negligible as n — co. We
first estimate the size of R, (m). For any (k1, -+ ,km) € Rn(m), set j; = ki — (m —i+ 1)
for 1 <i < m. It is easy to verify that j,_1 — j; = kj—1 — k; — 1 >0 for 2 < i < m. Thus

. . m+1

and j; > -+ > jp, > 0. Therefore, (j1, - ,jm) € Pn_(m+1)(m). Indeed, this transform is a
2

bijection between R, (m) and Pn_(m+l) (m), which implies
2

[Ro(m)| = [P,y ()]

2

On the other hand, we know from (3.1)),

[P (m)] ~
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as N — oco. Thus by Stirling’s formula,

Ralm) (0 () 1t m)
[Pa(m)| D D () —m)!

(n— ("F")(n —m)!
nl(n — (m;—l) —m)!

-2 -z S

(1- %)1/2 (1-

_m ___
n—=("")

_(m+1
as n — oo. By assumption m = o(y/n), we have MTQ) — oo with n. Using the fact that
T )N

limy s00(1+ )" = exp(z), we obtain

Ra(m)] o (_m(mf)) |

|Pr(m)] n—m
Thus as long as m = o(n'/3),
[Rn(m)| ~ [Pa(m)| and  [Pp(m) \ Rn(m)| = o(|Pn(m)])
as n — oo.

Further, since fvmﬂ fyi, - s ym)dyr ... dym—1 = 1, there exists a region S on V,,_1
whose measure |S| > p|V,,—1| for some constant p > 0 such that f(y1,...,ym) > con S
for some ¢ > 0. Thus, for n sufficiently large, f(ki/n,...,kn/n) > co > 0 for (ki,...,kn)
in a subset of P,(m) with cardinality at least a small fraction of |P,(m)|. Also since the
functions 1 and f are bounded on V,,_1, we conclude

_ o (1Palm)\ Rt _
=0 (P L) o) (3.9

as n — 0o, as long as m = o(n'/3).
Step 2: Compare the numerators of (3.2)) and (3.3). For convenience, denote

Gty Ym—1) = @b(yl, e Ym—1,1 — nfw)f(yl,...,yml, 1-— mz_lyl) (3.5)

1= 1=
Since 9, f are bounded continuous functions on V,,_1, it is easy to check that G is also
bounded and continuous on V,,_;. We can rewirte the numberator in (3.2) as follows.

L 1 k'l km—l
L= Y (%Z“” n)
k1>..>km>0
ki+...+km=n
1 kl km—l
= nm—l E G(z,, n )I_An

(kl7~-~)km—1)€{1,4..,’n}m71

lﬂ km—1 k k
_ Y k m-1
1y-sFPm—1 geeny n n
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where 4, is the indicator function of set A,, defined as below

m—1

1 1k km—1 ki
A= {1, her) € {1 mymTh Sl s B ;;7l>o} (3.6)
Similarly,
IQ = / G(yl,...,ymfl) dyl...dym,1
V'm 1

= /[01] 1G(y1,...,ym_1)l,4dy1...dym_l

Gyt Ym—1)la dyr ... dym—1,

mll

(k17 7k7m 1 E{l }m 1

where the I 4 is the indicator function of set A denoted by

m—1

A= {(a;l,-~- ) €0, S > S a > 1= > 0}. (3.7)

i=1

Now we estimate the difference between the numerators in and (3.3 .

I, -1
ﬂ km—1
_ ) ﬁrr“ﬂmll
(k1. k‘mfl)G{l }m*1 n n
k k
<G(17 ) )IAn _G(y17 y Ym 1)I.A> dyl dym 1
n n
which is identical to
k1 Em—1
3 ﬁlfuﬂm1l
(k1yeeskm—1)€{1,...,n}m—1 n T n
k K —
(G(l,..., 1>—G(y1,...,ym1)> IAn dyl...dym,1
n n
k1 Em—1

+ 3 / o
(k1 yeoskim—1)€{1,....n}m~1 bmo171
G(yla - ,ymfl) (I.An — IA) dyi ... dym—1

=81 + So.
Step 3: Estimate Sy. Since G is uniformly continuous on V,,_1, for any € > 0 and any
yi€ B, B (1<i<m—1),
k Km—
‘GC%”W ml)_a@h”w%mg <e (3.8)
n n
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when n is sufficiently large. Thus

k1 Fm—1

se oy [
(k1yeeskm—1)€{1,...,n} "1 n n
k1 km—1
‘G(zva n >_G(y17'-'7ym—1) dy1-~-dym—1
1ym—1 1

< - m

- 6(71) "

=c (3.9)

for n sufficiently large.
Step 4: Estimate Sp. Since G is bounded on V1, [|Glleo = sup, 5. |G(x)] < o0
and thus

ﬂ km—1
2] < 116 oo 3 S oV = Lal gy dys. (3.10)
(k‘l,...,km_l)E{l,...,n}m_l n n

Now we control |14, — I4| provided % <y < % for 1 <i <m — 1. By definition,

Lifk s o5k S ym-lk
Iy = B e RS> (3.11)
0, otherwise
and
1, if a>1=S"m 1y >0
0, otherwise.
Let B,, be a subset of A,, such that
B, = A ﬂ{(k e 1) € {1, mymet, B +mfki > TH}
n n 1 s vm—1 PRI ) n i:1n n .
Given (ki,--+ ,km—1) € By, for any
k1—1 k km—1 — 1 K—
1 <y1<i7...7u<ym_l< m17 (313)
n n n
it is easy to verify from (3.12]) and (3.11)) that 74 = 1. Hence,
ITa, = I, + 14,5,
S LAt Lo a5 ki<ntm)
n+m
= In+ Y I (3.14)
j=n+1

25



where

Ej = {(k‘l, ,k‘mfl) E{l,...,n}m_l; ki >...>kp_1> 1,

m—1 m—1
km,1+Zki:j,Zki<n}

i=1 i=1
forn+1<j<m-+n. Let us estimate the size of |E;|. From the last two restrictions,
we obtain ky,—1 >j—n S1ncez k‘ <nandk; > ky_1 for 1 <i<m— 2, we have
J—n+1<kn1<4; —

For each fixed km_l, since k1 > ... > k;,—o is the ordered positive integer solution to

the linear equation Zf:f k; =7 — 2kp,—1, thus

j—21—1 2n—j—3

— — N
jontigien (m —2)! (m—2)!

As a result, we obtain the crude upper bound

5 N n N\ (0750 m-nm2
j:zn;l’Ej‘ Sj:zn;rl <1n_1+n—.7> (m — 2)! < (m—1)l(m—=3)" (3.15)

On the other hand, consider a subset of A, := {n, 2 .. 131\ A, defined by

C, = —{(/{:1,-~- ckmo1) € {1,...,n}™ 1 either k; < k;y1 — 1 for some 1 <i < m — 2,
n
orki+ - +kmo+2kn_1<n,ork +--+kn_ 2m+n—1}.

Set A¢ = [0,1]™ "\ A. Given (%1, o e ~m=1) € Cy, for any k;’s and y;’s satisfying (3 , it
is not difficult to check that I 4c = 1. Consequently,

k .
Ii = IanrI{(n1 TR

ki+ -+ kn_o+2k,_1>mn, and k‘1+---+k‘m71<m+n_1}
< IAC —|—I<Dn7m71) +I(Dn,m,2)7

p yE AL ki > kipp—1forall 1<i<m-—2,

or equivalently,

Ia, 2 Ia = 1(Dnm) — I(Dpym,2), (3.16)
where
n+m—2 1 m—1
_ m—1, - .
'Dn7m71 = lU E{(k‘h ,km—l) S {1,... ,n} ; z; ki=lLk>...> km_l},

m—2

1 _
Dn’m’g = U ﬁ{(kl’ ,km—l) S {1,.. . ,n}m 1; kl = kl+1,]€1 > ... > km—la
=1
m—1 m—1

Zki+km_12n+1,2ki§n+m—2}.
=1 =1
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By the definition of partitions and ({3.1)), we have the following bound on | Dy, 1.

n+m—2 n+m—2 ( -1 )
m—2
Domal < D [Plm—=1)[~ > (m—1)!
l=n l=n
n+m—2 _9
_ —2)m
< (m—l)(mQ)‘_(n+m ')2 (3.17)
(m—1)! [(m —2)!]
as n — oo.
The estimation of |D;, 2| is the same argument as in (3.15)). For the cases m = 3 or
m = 4, it is easy to verify that |Dy 2| = O(n™=2). Now we assume m > 5. First, from

the decreasing order of k; and Zf;l k; <n+m — 2, we determine the range of k,,_1,

n+m-—2

]-Skm—lg
m—1

On the other hand, n + 1 — 2k,,_1 < 27;_121@ <n+m-—2—kn. Ifl#m-—2
from the restriction k; = kjy1, we see k1 + ... + ki1 + kigo + ... + ko = s — 2k; is
the ordered positive integer solutions to the equation j; + ... + jmm—a = s — 2k;, where
n+1—-2k, 1<s<n4+m-2—Fkp1. fl=m-—2,then k1 + -+ kn_3=5—2kn_1
andn+1—3kp_1 <s—2kp_1 <n+m-—2-—2k,_1. Therefore, we have the following
crude upper bound

n+m—2

m—3 “m-1_ ntm—2—kmn_1 (s—2kl—1)
Dnmal < > X > e
311y — _ 4)!
=1 km—1=1s=n+1-2kmn_1 kin_1<k;<s/2
n+m 2

— n+m—2—2k,, 1 (sfk:m_171)

m—4

+ Z 2. (m —3)!

km—1=1 s=n+1-3k,_1

o n3(m—3) (n+m—6 N n? n+m-—6

m2(m—4)!'\ m—-5 m2(m —3)I\\ m—4
n2(n + m)m—4
= . 1
O<m(m—4)!(m—5)!> (3:18)
Joining (3.14)) and (3.16)), and assuming (3.13)) holds, we arrive at

n+m

‘IAn - IA‘ < I(Dn,m,l) + I nm2 Z IE
1=n-+1

Observe that Dy, i’s and E;’s do not depend on y;’s, we obtain from ([3.10) that

n+m k

HGHOOZ Z [ZI n,m,i +ZIE / ~--/kmn1_11dy1...dym—1

kll mll’Ll n

HGIIOO(Z!D

m—1

|Sa|

IN

n+m

27



For 2 <m <4,

|Sa| = O(n™).
For m > 5, by (3.15),(3.17) and (3.18),
_ m.nmfZ (n_i_m)mfZ n2(n+m)mf4 1
Sl =0 ((m “m =3 T [m—2 " m(m —4)i(m — 5)!) e
- o(tz3r)
as n — oQ.

Step 5: Difference between the expectations (3.2)) and (3.3). For any ¢ > 0, from Step 3
and Step 4, we obtain the difference between the numberators in (3.2) and (3.3)

14 mym
T, — To| < |Si] + |Se] §€—|—O<(+")> <2 (3.19)
n

for n sufficiently large. Choosing % to be identity on V,,_1, we obtain the difference between

the denominators in (3.2)) and (3.3)) as follows:

G f(%lim) /vmlf(yl,...,ym)dyl...dym1 <2

n
(klv---vknL)ePn(m)

for n sufficiently large.

Finally, we estimate the expectations (3.2) and (3.3)). Since m is fixed, by (3.4}, (3.19)),

and the triangle inequality,

k1 km
’IE <¢(n,...,n))-Ew(xl,...,xm))’—m (3.20)
as n — oo. This completes the proof. O

Proof of Corollary[2 By Theorem

k1 km
<7a"~37>—>($1a a:Em)N:u
n n
as n — oo, where u has pdf
-1 a—1
ya .. .y
91, Ym) = 1 o (3.21)

Jo, vty tdyr e dym

It suffices to show the order statistics (X(yy,..., X(m)) of (X1,..., Xin) ~ Dir(a) has the
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same pdf on V,,_1. For any continuous function ¢ defined on V,,_1, by symmetry,

I'(ma)

_ a—1 a—1

= /va1¢(y(1)7"'7y(m))1{y(l>2...2y<m)}F(a)myl Y dyr . dym

_ F(ma) a—1 a—1

= /Wm E w(yo(l)u"'7yo(m))l{yv(l)z...Zya(m)}F(a)m Yo(1) " Yor(m) Y1 - - - dYm—1

—1oeSn

m!T'(ma) 4 i
= wyla'--aym 711/& y% dyl...dymfl.

Therefore, the pdf of (X(qy,..., X(m)) is

m!T(ma)

a—1 a—1

on the set V,,_1. Similarly, by the definition of pdf we have

By symmetry, we obtain

_ - ()™

a—1 a—1

S dyi ... dym-—1 = —————.

/Vm_1 Y Ym QY1 Ym—1 mIT (ma)

Comparing the above with (3.22) and (3.21]), we complete the proof. O

Proof of Corollary[3 By Theorem [3]or Corollary

k km ~ ~
(71777)%(}/1avym)’\’/"
n n

as n — 0o, where u has pdf

on V,,—1 and zero elsewhere. Since f(x) = z® is continuous,
kl @ km>a <~ ~
AT (BT S Ya,...,Ya)
(( n > < n ! m
as n — o0o.

Now it suffices to show (}71‘“, . ,fﬂf{) has the uniform distribution on the set

Q=

m
Un—1 = {(xl"'wxm) € [07 1]male =lrn=>...2 J/'m}
=1
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This can be seen by change of variables. For any continuous function 1 defined on V,,_1,

Ep(YE, ..., Y%

m!-T(2) B
= / ¢(ya,...7ym)ﬁyf Ly hdy - dyme
o
/ W o)Ly
= Llyeees X X1 . Tm—1-
'm 1 am IF( ) "

In the last equality, we set z; = yi* for 1 < ¢ < m. Therefore, we can see the pdf of
(Y1 Y ,Ym) is a constant on U,,_1, which is the uniform distribution on U,,_1. The proof
is complete. ]

3.2 The Proof of Theorem [4

In Section we have studied the asymptotic distribution of (%1, e ,%”) as m is fixed.
Now we consider the case that m depends on n. Note that the formula (3.1]) holds as long
as m = o(n'/3).

Let p and v be two Borel probability measures on a Polish space S with the Borel

o-algebra B(S). Define
[ et utan) ~ [ oty via).

where ¢ is a bounded Lipschitz function defined on S with ||p| = sup,cg |p(2z)|, and

p(p,v) = sup (3.23)

llellz<1

el = llell +supyr, lo(x) —p(y)|/|z - y\ It is known that p,, converges to u weakly if and
only if lim,, o0 [ () pn(dz) = [ p(z) p(dz) for every bounded and Lipschitz continuous
function p(x) defined on R™, and if and only if lim,, o0 p(pin, 1) = 0; see, e.g., Chapter 11
from [Dudley| (2002]).

Let {X;, X,i;n > 1,4 > 1} be random variables taking values in [0,1]. Set X,
(Xn1, Xn2,--+) € [0,1]°. If X,;; = 0 for i > m, we simply write X,, = (X1, , X )
We say that X, converges weakly to X := (X1,Xs,--+) as n — oo if, for any r > 1,
(Xn1,-+, Xpnr) converges weakly to X = (X, ---,X,) as n — oo. This convergence
actually is the same as the weak convergence of random variables in ([0, 1]*°, d) where

> Ti — Yi
da.y) =3 1Y (3.24)
=1

for x = (x1,22,--+) € [0,1]*° and y = (y1,y2,---) € [0,1]*°. The topology generated by
this metric is the same as the product topology.

LEMMA 3.1. Let m = m,, — o0 as n — oo. Let k = (k1,...,km) € Pn(m) be chosen
with probability as in (1.3) under the assumption of Theorem . Let (X, , Xmm) and
X = (X1,X2,--+) be random variables taking values in V,—1 and V, respectively. If

k k
sup ‘Egp(—l, . ,—m) — Bo(Xpa, - ,Xm,m)‘ 0 (3.25)
llellL<1 n
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k1 km)

as n — 00, and (Xm1, -+, Xmm) converges weakly to X as n — oo, then (W? e

converges weakly to X as n — oo.

Proof. Given integer r > 1, to prove the theorem, it is enough to show (k—nl, ‘e ,%) con-
verges weakly to (X1, -, X,) as n — oo. Since m = m,, — o0 as n — 00, without loss of

generality, we assume r < m in the rest of discussion. For any random vector Z, let £(Z)
denote its probability distribution. Review (3.23)). By the triangle inequality,

k k.
p(‘c(;la ag)a E(Xl) 7XT))
k k.
< p(ﬁ(ﬁla az)a E(Xm,la"' 7Xm,r)> +p(£(Xm,1>"' 7Xm,r)> £(X17 7X7"))
(3.26)
For any function ¢(x1,---,z,) defined on [0,1]" with [|¢||z < 1, set ¢(x1, - ,Tm) =

o(z1,- - ,xy) for all (x1,--- ,zp) € R™. Then ||¢]|z < 1. Condition implies that the
middle one among the three distances in goes to zero. Further, the assumption that
(Xm1,--, Xm,m) converges weakly to X implies the third distance in also goes to
zero. Hence the first distance goes to zero. The proof is completed. O

With Lemma [3.1] and the estimation in Theorem [3, we obtain the proof of Theorem [

Proof of Theorem [l Assume r = (ki,...,kn) € Pp(m) is chosen with probability as in
(1.3). The proof is almost identical to the proof of Theorem We only mention the
difference and modifications. Instead of choosing the test function % to be bounded and
continuous as in the beginning of Theorem [3] we select ¥ = ¢ to be bounded and Lips-
chitz. Following the proof of Theorem (3] the function G defined in in Step 2 is now
bounded and Lipschitz on V,,_;. The major change happens in Step 3, where we replace

the estimation in (3.8]) by

m—1

/ﬁ km—l ki 2
‘G(gva n >_G(y177ym—1)’§C Z;(yz_n>
1=
<C- 7\,m’
n
for some constant C' depending only on the Lipschitz constant of G, where y; € [%, %]

for 1 <4 <m — 1. Consequently, the term &1 defined in the end of Step 2 is now bounded

as follows:

k1 km—1
n n
S| < E :
- k=1 km—1=1
n n

(kl7--~1km—1)€{1,‘..,n}m71

k Ko —
‘G(Zl,, n1>—G(y1,...,ym,1) dyl...dym,1

c.Ym ( 1 )mflnm—l Cv/m (3.27)

n n

IN

n
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Step 4 remains the same and we modify Step 5 using the changes mentioned above. The
difference between the numberators in (3.2)) and (3.3) now becomes

| 4 mym
|Il_12|§|51|+|52|§01‘(T‘i‘( +n") ) (3.28)

as n — oo for some constant C; depending only on the Lipschitz constants of ¢ and f and
the upper bounds of ¢ and f on the compact set V,,_1. Using the same argument in the
end of the proof of Theorem [3| and the assumption that ||f| . < K, we have for any ¢

defined on V,,,_ satisfying |||z < 1,

k km
sup [ (92 ) B (X X))

llollL<1
= O(T e +n7;)m) + |Epm| — 0.
as n — oo. Recall in (3-4), we have |€, | — 0 as long as m = o(n'/3). Therefore, by
Lemma we conclude that ( %, cee %") converges weakly to X as n — oo. ]
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